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NMPC Ideal Formulation

Consider the dynamic system:
2k +1) = f(w(k), u(k))
Ideal NMPC computes an optimal sequence:
(k) = (O ®)7,..., a0 D(k)T)" e U c RN ™

that minimizes some cost function J(z(k), u) and applies a(?) (k) during
the sampling period [k, k + 1].
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NMPC RT Formulation

@ The ideal scheme assumes Tt Typ)
instantaneous computation of p(z(k))
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NMPC RT Formulation

@ The ideal scheme assumes Tt Typ)
instantaneous computation of p(z(k))

@ Unfortunately, only a finite number of N
iterations ¢ can be performed
according to: o/

z(k+1) = f(z(k),U(0,)
p(k+1) = S(p(k),z(k),0(k))
6(k+1) = D(p(k),z(k),0(k))

where 0 is some internal variable
expressing past knowledge.
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NMPC RT Formulation

@ The ideal scheme assumes J@ltrs0). Ty 1)
instantaneous computation of p(z(k))

@ Unfortunately, only a finite number of
iterations ¢ can be performed
according to:

v(k+1) = f(x(k),U(0,p(k))) o
plk+1) = S(p(k),z(k),0(k))
Ok +1) = D(p(k),x(k),0(k)) M Aemir/Control Eng Practice, 8 (2001)

where 0 is some internal variable
expressing past knowledge.
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NMPC RT Formulation

@ The ideal scheme assumes Jeltira) Tye)
instantaneous computation of p(z(k))

@ Unfortunately, only a finite number of
iterations ¢ can be performed
according to:

a(k+1) = f(ax(k),U0,p(k)))
p(k+1) = S(p(k),z(k),0(k))

9(k + 1) _ D(p(k), x(k), O(k)) M. Alamir/Control Eng. Practice, 9 (2001)

where 0 is some internal variable Newton method is used instead of dichotomy. In the
. “distributed” Newton method, the Newton method iter-
eXpreSSI ng past knoWledge. ations are distributed over the successive sampling peri-

ods. One step is performed at each sampling period.
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where 0 is some internal variable
expressing past knowledge.

Existing non parameterized formulations:

© High dimensional decision variable
@ Need for highly involved softwares
© High memory storage, etc.
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NMPC RT Formulation

@ The ideal scheme assumes J@ltrs0). Ty 1)
instantaneous computation of p(z(k))

@ Unfortunately, only a finite number of
iterations ¢ can be performed
according to:

ok +1) = Falh), U0, p(k)
p(k+1) = S(p(k),z(k),0(k))
9(k + 1) _ D(p(k), x(k), G(k)) M. Alamir/Control Eng. Practice, 9 (2001)
where 6 is some internal variable This contribution
expressing past knowledge. Propose a specific instantiation of 6, S and

D that is compatible with real-time imple-
mentation of parameterized NMPC

Existing non parameterized formulations:

© High dimensional decision variable
@ Need for highly involved softwares
© High memory storage, etc.
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Assumptions Constraints Handling

It is assumed that the problem Example:
constraints are handled through:
; o unc/(
@ The control parametrization U(E,p) 1= St fupnin tma] (L{ (@p))

@ The inclusion of high penalty
term (interior point method) J(z,p) = J"(x,p) + p- ¢(x,p)

— There is no constraints-related feasibility issue

— The constrained underlying optimization problem is given by:

mi}g J(x,p) where P is a hyper cube
pe

— It is assumed that the formulation is stabilizing in the ideal case
— This paper is not concerned with a new stabilizing formulation

— It concerns real-time implementability
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Assumptions Translatability

For all p € P, there is a parameter value p™ € IP such that:

Vie N  U(@i+1,p)=U(i,ph)

e e

’ The translated version of a control
=Enl trajectory belongs to the

L 7T parameterized set

[See Alamir, Springer, 2006]
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Let us define by induction:
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Assumptions Translatability

For all p € P, there is a parameter value p™ € IP such that:

Vie N  U(@i+1,p)=U(i,ph)

Let us define by induction:

Pt =p ;. pit= [p(yz—1)+]+

L (e 0
and using p = 0 =27 | P
xt = f(a:,l/l((hp))

. . . The translated version of a control
one can define the induction rule: .
trajectory belongs to the

0+ - [Z(i—1)+] + parameterized set

22t =z ; 2=

with z := (z,p) [See Alamir, Springer, 2006]
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Assumptions Translatability

x2t
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Assumptions Translatabilit

p 3 Assumption 1% p+
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Assumptions Translatability

J(2"t)
P Arsmwiion 1} P pssmprion 1 P2+
- g+ 22
z (&, U4(0, p). x T +
- ot 2+

@ Recall that J(z,p) = J(z)

@ We have the following fact:

Given a pair z = (p,x), the computation of the corresponding system'’s
trajectory over a horizon of length (N, + r) provides (r + 1) realizations

of the function J(z), namely {J(z”)};;o. A

Real-Time Parameterized NMPC
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Assumptions Translatability

For instance,

If N, =20 and r =9, one obtains
10 realizations at the price of 50%
extra-simulations.

@ Recall that J(z,p) = J(z)

@ We have the following fact:

Given a pair z = (p,x), the computation of the corresponding system'’s
trajectory over a horizon of length (N, + r) provides (r + 1) realizations
of the function J(z), namely {J(ZZ+)}:=O' A
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Algorithm The principle

Use the successive data obtained during the system life-time to
dynamically identify a quadratic approximation of J(-):

Ju(z) = Jp + LF 2 4+ 27 Qpz =: ®(2) - q(k)
where:

glk) eR™ ; ng:=14+n)14+n,/2) ; n,=n+mn,
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Algorithm The principle

Use the successive data obtained during the system life-time to
dynamically identify a quadratic approximation of J(-):

Ju(z) = Jp + LF 2 4+ 27 Qpz =: ®(2) - q(k)
where:

glk) eR™ ; ng:=14+n)14+n,/2) ; n,=n+mn,

For instance,

n | np | ng
212 |15
31 2 |21
5| 2 |36
5| 3 | 45
81 4 |91
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Algorithm The principle

Use the successive data obtained during the system life-time to
dynamically identify a quadratic approximation of J(-):

jk(z) =J; + LZZ +27Quz =: D(z2) - q(k)
where:

glk) eR™ ; ng:=14+n)14+n,/2) ; n,=n+mn,

For instance, Given x(k), p(k — 1) and ¢(k), the updating law for p
is obtained by solving:
n | ny | ng
212 |15 p(k) :==arg min {‘I’(.I?(A‘),p)} ~q(k)
302 |21 pePA{p(k—1)+B(px) }
51 2 |36 . : . :
51 3 | 45 which _|s a QP problem of dimension n, with 2n,,
8 4 91 constraints.

pr is a trust region coefficient which is updated

cIassicaIIy ( increased after a success and decreased after a failure)
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Algorithm Identification Data

z(0)
RN
\\\\\
W]
Nptro 7:!,’7’/1 =
vl A(0)

e Let 2(0), p(0) and ¢(0) be given, apply p(0) during [0, 1],
@ For each elements in A(0), use Factl to generate the
(r+1) - card(A(0)) identification data:

D(0) = { ), {J (= }ZGZ(U}
Z(0) = {(:ﬁ(l),p)l"_ | (p,i) € A(0) x {o.,...,r}}

This defines a linear system [Ag]q = By € R("+1)-card(&(0) (1)
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Algorithm Identification Data

2(0)-*(1)
't
e b0 ]
[0 [[aw
A(0)

@ Given z(1) and ¢(1), p(1) is obtained by a small QP solution

@ For each elements in A(1), use Factl to generate the
(r+1) - card(A(1)) identification data:

p(1) = {20 {I)} e b
Z(1) = {(;z-(z),pw | (p,z’)eA(l)x{O,...,r}}

This defines a linear system [A;]q = By € R(+h-card(A(1) ()
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Algorithm Identification Data

2(0) 20—
\\ \\\ [
b\\> \\ . 1_ p£ )
2 Tl [
N, T Q”T’
v
v A(0)

e Given z(1) and ¢(1), p(1) is obtained by a small QP solution

@ For each elements in A(1), use Factl to generate the
(r+1) - card(A(1)) identification data:

p(1) = {20 {I)} e b
Z(1) = {(;z-(z),pw | (p,z’)eA(l)x{O,...,r}}

This defines a linear system [A;]q = By € R(+h-card(A(1) ()

Mazen Alamir Réunion du GT-CPNL, 13 Janvier 2011, Paris Real-Time Parameterized NMPC



Algorithm Identification Data

r-E=A(2)
2(0),-2(D) ;P2
PN i
\+@) el
N . i pgl) I
[0/ [Jaw
A(0)

e Given z(2) and ¢(2), p(2) is obtained by a small QP solution

@ For each elements in A(2), use Factl to generate the
(r+1) - card(A(2)) identification data:

D) = {22){J()},cp )
7(2) = {(:%(3),;0)1-'_ | (p,i) € A(2) x {0,...,7”}}

This defines a linear system [As]qg = By € RHD-card(A2)  _, 4(3)
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Algorithm Identification Data
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Algorithm Identification Data

As a matter of fact,

Successive blocs of linear subsystems
Arq = by

arrive at each sampling period that can be used to obtain a recursive least
squares estimation of ¢(k) with some forgetting factor o.

Mazen Alamir Réunion du GT-CPNL, 13 Janvier 2011, Paris Real-Time Parameterized NMPC



Algorithm Identification Data

Moreover,

the updated trust region diameter p(k) is used to define the hyper cubes
of of increments on p
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Algorithm Identification Data

Note that the following choice is made
card(A(k)) = nmaq

where 7,4, is the maximum number of system integrations that can be
performed within a single sampling period.
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Algorithm Identification Data

S — _ ‘
A 3) | rE=HA(2)
2(0) ~z(1) p(3) (3)u pgf)\.\ L}/?SQ) _
TN o =
Y fyeede 2D o p(1)
w3 ) o0 ||+ POk "~ |laq)
A(0)

The internal variable 0(k) invoked in the general setting is nothing but:

ewy:{pw%Hwa—N@+n}
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During the sampling period [k, k + 1],

@ Solve the ny-dimensional QP with 2n, saturation constraints:

p(k) :=arg min [@(m(h),p)] -q(k)
pePN{p(k—1)+B(px) |

@ Simulate the system 1,4, + 1 times over a prediction horizon of
length N,, +r to obtain the new bloc of linear subsystem [A;]q = By,

@ Update ¢(k) using a recursive least squares step

[— solve a linear system of dimension n;s := Nz (r + 1) + ngl

In the next PVTOL example:

n, =6 , nNme €{1,2,3} , re{0,5} , ny=066
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System Model

= —wuysinf + eus cosl

uy cosf + eupsinf — 1 u
ur\ 2

é = U2
Constraints

w € [0,u]° =1 44]

ug € [—uh**, +ul ]

Objective Stabilize 29 = (y¢,2¢,0,0,0,0)”
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System Model
= —wuysinf + eus cosl
c = uy cosf + eupsinf — 1 u\ U
0 = wuy
Constraints
up € [0, u*® =1+17]

ug € [—uh**, +ul ]

Objective Stabilize 29 = (y¢,2¢,0,0,0,0)”

Control parametrization

U(i,p, &) = Satio upar)x [—uger fugpar) [U“”C(m -r)}

ple—)\(iTs) +p2€—3>\(i75) +p36_6)\(i7")>

yune L, , ) = \ir B . } ”
(i,p, ) <p4e AGTS) | pee=3MTs) 4 pee—6AGT)
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System Model

= —wuysinf + eus cosl

uy cosf + eupsinf — 1 u
ur\ 2

é = U2
Constraints

w € [0,u]° =1 44]

ug € [—uh**, +ul ]

Objective Stabilize 29 = (y¢,2¢,0,0,0,0)”
Translatability

p+ — diag(ef)\n?673)\75’676)\7‘5787A75’673)\TS7676/\75) p
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System Model

= —wuysinf + eus cosl

uy cosf + eupsinf — 1 u
ur\ 2

é = U2
Constraints

up € [0,ul" =1+ ]

ug € [—uh**, +ul ]

Objective Stabilize 29 = (y¢,2¢,0,0,0,0)”

Saturation on p

P .= [_u71naz7u§nax]3 X [_u;nax’ ugmz]S
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System Model

= —wuysinf + eus cosl
= wujcosf+ euysinf —1
. ! 2 ’U,l\ U2
0 = ug

Constraints

u1 € [0,u7"%% =1 4 4]

ug € [—uh**, +ul ]

Objective Stabilize 29 = (y¢,2¢,0,0,0,0)”

NP
Jap) = 3 [IxO (@, p) = 2, + W) — u

1=0
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System Model

= —wuysinf + eus cosl

uy cosf + eupsinf — 1 u
ur\ 2

9 = U2
Constraints

w € [0,u]° =1 44]

ug € [—uh**, +ul ]

Objective Stabilize 29 = (y¢,2¢,0,0,0,0)”
The A(k) subsets

UpmoAk) = {ei}o,

with Nm, X Nmazr — 6
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Reference scenario:

Evolution of the state (2.0

15 20 25 3
Time Urits

Cost Function

5 10 15 20 25 30
Time Urits

Identification vector g

15 20 25 30
Time Urits

Réunion du

Simulation Results

Evolution of the controls (u,u,)

5 10 15 20 25 0
Time Units
Trust Region Coefficient
5 10 15 20 25 0
Time Urits
Control Parameter p
5 10 20 25 30

15
Time Units

Np =150, ez = 1, Ny, = 6 and 7 = 5.
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ample Simulation Results

Evolution of the state (y,2,6) Evolution of the controls (u,,u,)

o

0 10 20 30 ~o 10 20 30
Time Units Time Units

Cost Function

Trust Region Coefficient p
5 0.4

0.3

0.2

-

o 10 20 30
Time Units

Time Units

Relevance of the Trust region mechanism: p = 0.1, p = 0.3
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mple Simulation Results

Evoluton of the controls (u,.u,)

Evolution of the state (y2.6)

o B 10 15 2 % E 04 5 0 15 20 25 30
Time Urits Tirme Units
Gost Function Trust Region Coefficient p
03
4
025
02
015
01
005 :
A A
m 75 % % E 0 5 0 5 %0 5 30
Time Urits Tirme Units

Relevance of 7 7 =5 vs r = 0. Recall that N, = 150 meaning that the
use of 7 = 5 represents 3.3% of extra computation.
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Simulation Results

Evolution of the Cost Function Evolution of the Cost Function
45 — 0, N, D=(165)
. e N D=235)
o — == (0, N D=(3,25)
(N D=3:215)
3 ]
3.
2
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1
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e
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058 —— 0N N=3,2,15) 0.07 Ao = —— (N D=(3,2,15)
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i H . i H n n :
4 45 5 5. 3 5 7 75 8 65 7 75 8 85 9
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Conclusion

Conclusion

Framework for real-time implementation of parameterized NMPC
e Not suitable for high dimensional state vectors (n < 10)

@ No use of numerical differentiation

@ Heavily exploit the translatability property of the control
parametrization

@ Use only heavily certified QP solvers

@ Should enables sampling time less than few mili-seconds
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