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nonlinear SISO systems
with a relative degree one or two
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1. Relative degree of NL systems

= System considered:

{X(t) = T(x(t)) + g(x(t)u(t) (1)

y(t) = h(x(1))

= Definition [Isidori 1995]:

The nonlinear SISO system (1) is said to have a relative dggaeeund X if:
() LyLkh(x)=0 for all x in a neighbourhood of%and allk < p-1,
(i) LLh®)#£0

where L h(x) =

g—h(x) fL (%)

n
i=1

The relative degreeof (1) is said to be well-defined if (1) has the relative degrate
all points in an operating set [Chen 2001]

Irseem



2. Unconstrained NCGPC

m Criteria to minimize:

.
J :%_“é(tﬂ)]zdr where et+r)=yt+1)-a(t+71)
0

= The control law can be derived under the assumptia[Chen 2003]:

1: zero dynamics exist and are asymptotically stabl
2: all states are accessible for measurements;
3: the system has a well-defined relative degree;

4: the output and the reference are sufficientlyyrtames continuously differentiable with respectitoe;
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2. Unconstrained NCGPC

= Taylor’s series expansion:

y()
p .
(GOEDIE “’%* Rz?) ()= {1 r - %ﬂ zy(t)
- _y(P) (t)_
[y(t) = h(x(1))
where Y= LX)
V() = Ln(x(0) + Ly L& ()u(x)
In a similar way: )
&)(t+r)={1 T i} .w(t)
ol
_C()(’O) (t)_
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2. Unconstrained NCGPC

= Taylor’s series expansion:

9(t+r)={1 T -

&J(t+r)={l r -

y(t)
y(t)

] y(p) (t)_

[ at)
axt)

_.w(,o) (t)_

A7) =

Y(t) =

Q(t) =

{1 -

y(t)
y(t)

_y(/?) (t)_

[ at)
axt)

_.w(,O) () |
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2. Unconstrained NCGPC

m Criteria to minimize:

From E(t) =Y(t) - Q(t) mm)  &t+7)=AME®)

(&
I\J|H
O'—.—|

.
Bt+0)Pdr :%Et (t)[ j /\t(r)/\(r)dr}E(t)
0
;
Let the prediction matrixn (T, p) :J'/\t(r)/\(r)dr

where (T, p) is of dimensionsp+ 1)x( p+ 1)

m Criteria minimization:

EGEG)

6(t)jl'l(T P)E() =0
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2. Unconstrained NCGPC

m Criteria minimization:

Yy -wt) ] h-w - "
y(t) - axt) Lih-w ‘ _
it - E=) | Ooa | (358 j =[on, Lot )
y(p) (t) - WP (t) LZh- WP _ULg Ly h_

Let  D(x(t) = LyL{*h(x(t))

h—w

t
OE(t) ~ : B
(—du(t)j NT.p)E®=0 == [0, DT, p) o =0
| Lfh-aw? +Du|
_ o _
=) DI, : =0 Wherell, (dimensions & (p + 1)) is the last row of 1(T,p)
L?h-a'?) + Du
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2. Unconstrained NCGPC

m Criteria minimization:
h—-w
DI :

L?h - a'?) + Du

The relative degree is supposed well-definesip D cannot vanish for akt /7X : see (i)

w—h
=) I {OS“} =M, :
u P - L2h
P
mm) M, Du="r, : wherell (dimensions 1x1) is the last element of ve€tgr
WP — L'(f)h
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2. Unconstrained NCGPC

= Resulting control law [Dabo 2009]:

w-h w=h
N Du=n, : mm) u=DTNINY
w(p) Lph w(p) Lph
_ 2p+1 Jo/ 20+1
Let K(T,p) =M K (T, P
T.p)=NgN, mmp K(T,p)= {Tp e, TP

-3 KU oy - )
__1=0
- 1) L L7 h(x(t))

where K, P 2ptl is the (I+1Y¥ element oK(T, p)
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2. Unconstrained NCGPC

= Change of coordinates:

4 y-w (2 =2,
1% |_ y-w Z,=2
S - e
-1 -1 _
2,] Y- 2,=12h-af?) +uL L2

= Resulting linear (and controllable) system:

0 1 0 0
0 0 1 0
; _ : 0 0 0 0
Z=AZ  with a=| . . S _ where K, P 2p+l
0=CZ ‘ : : K : Il (p+1+)TP?
0 0 0 1
|"Kpo TKp TR =Koy |

Characteristic polynomial:P(A) =K ,+ KA +---+ 4 =0
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3. Case of relative degrep = 1

= Characteristic polynomial: = Corresponding system:
A(1) = Kyo + 4 P =1

m Parameter identification:

Kio =
Kig

1
- p2p+l _
15 and K= 1 mm) | =2T/3

m Theorem 1;

The application of NCGPC to SISO nonlinear system of dimension 1 egisirelative
degree, leads, in the right space of coordinates, to a lifleadé&r system with transfer

function H, defined by a time constaéitand a static gai®, equal to the reference
signalw,(t).
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3. Case of relative degrep = 1. some properties

= Characteristic parameters/times:

Prediction T
horizon time
Time constant 6=2T/3
Settling time at 5% teo, = 2T
Cut-off _
frequency be = 3/2T
Pole A==-32T

Imaginary Axis

= Closed-loop system stability:

0.5-

o X X KK OO0

N\

Pole for T=100s
-0.5r Pole for T=1s 7

Real Axis
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3. Case of relative degrep = 1: example

= System considered: = Parameter values vs. T:
{X(t) =3x*(1) +u(t) Prediction time | K = [K K]
y(t) = x(t) T (s)
1 [1.51]
= System analysis: 5 [0.75 1]
m system dimension = 3 [0.5 1]
m relative degree = 1 4 [0.375 1]
=) No zero dynamics 5 [0.3 1]
= Desired output: = Control law:

1
= step =3 Ky (T ,1)[L'f h(x(t)) - ™ (t)

= |=0
u(x(t)) L, L h(x(t))

Irseem



3. Case of relative degrep = 1: simulation results

Output

Control

Tracking of a given reference signalam(t)

1 — ———
0.9 ""?'m”F?éspéﬁs’é for T=5s
0.7 *Response for.T=4s ... :
0.6 ___Resppn_se.fqr_'l.'?s.s,..........§
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0.4
0.3 Response for T—1s .
0.2
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0 ; . . j
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Time-response

5 0.97F ; 103"f01"'|’“55"""""'

Soooglb- b L
8 Tme response

error

..;e Tlme responae 4s for T-25 "
Tme—responsq 2s for T=1s;
10 15 20

0-2 .............................. _ .............. ..............................
0 --------- j-;'_:_———i
-0.2 N \ ErrorforT—Es
: ErrorforT 45 5 :
-0.4- e .
ErrorforT 35
Er'rorforT 25
=0.8f Errerfor T-1-sr ----------------------------------------
-1 i i i i
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4. Case of relative degrep =2

= Characteristic polynomial:

P, (1) = Ky + KA + A

m Parameters identification:

(Pl
P 2ptl_ o

_ 2
Koo = @y ‘

€ -
Ky =28, wap {7 P*1
Ky, =1

TP p+2

= Theorem 2;

The application of NCGPC to SISO nonlinear system of dimension 2 equsikelative
degree, leads, in the right space of coordinates, t&@@er linear transfer function with
and a natural frequenecy 183/T

a constant damping rati@= 0,685

| 2p+1
A 2p+l_op,

- -

= Corresponding system:

G
H,(p) = ?
A e o
I 20+1
by = _Il_% ,;0_:-1
—
1 0[]

«, =1.83T

¢ = 0.685
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4. Case of relative degrep = 2: some properties

= Characteristic parameters/times:

Pr_edicti(_)n T
horizon time
Rise time t =147T
Time-to-peal t,=2.34T
Percent overshoot PO = 521
Settling time at 5% teo, = 239T

Poles

My = —% (125+ 133)

Resonant frequengy

« = 046T

Imaginary Axis

= Closed-loop system stability:

................................................ X"
o  PolesforT=1s . polesfor T=100s < :
ws /o ?

? | | | e

‘ ‘ . ‘ .
- L .o
x.

-1.5 i i i i i i

-1.4 1.2 -1 -08 -06 -04 -0.2 0
Real Axis
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4. Case of relative degrep = 2: example

= System considered: = Parameter values vs. T:
):(1(0 :_XZ(;) _ Prediction time K.= [K,0 K, K,
X, (t) = 2% (t) —3u(t) T (s) 2~ LMoo ™21 M2
Yt =% () 1 [3.332.51]
= System analysis: 2 [0.831.251]
= system dimension = 2 S [0.370.8:1]
= relative degree = 2 4 [0.210.63 1]
mm) No zero dynamics > [0.130.5 1)
= Desired output: = Control law:

2
m step —~ Z Ky (T ,2)[L'f h(x(t)) - ™ (1)

u(x(t) = —=2
LyL,h(x(®)
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4. Case of relative degree = 2: simulation results
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Conclusion and future work

= Properties of NCGPC when applied to NL SISO systertis
Relative degree equal to 1: stability, speed & eacy (step)

Relative degree equal to 2: stability, speed & eaxy (step)

= Criteria based on err@nd control signal
= Robustness

= Nonlinear Discrete-time GPC

= Constraints on actuators

= Fault tolerant NDGPC
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Appendix 1. Case of f-order system: some properties

Function of T

Function of w,.

Prediction horizon time T T =5
Time constant i = % = w—lc
Time response tr = 2T tr = u%
Cutoff frequency We = % we
Pole A= _E'SF A= —we
Characteristic polynonual | A+ §-3]-r =0 At we=10
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Appendix 2. Case of -order system: some properties

Formula Function of T' Function of wn
Prediction horizon time (7) T= {j —P?;; 2;:1 T cRT T T~ 153
Resonant frequency wy (case of 0 < £ < %ﬁ) wr = wny/ 1 — 262 Wp g_.];ig wp 22 0.25wy,
Damped natural frequency (wg) wg =wny' 1 —E2 wg ™~ 1]..& wg ~ 0.73wn
Undamped natural frequency (wn) wn = \/ % pri'll wn o l—'ﬁé twin
Rise time (fy) ty = H%f ty o 1ATT ty o 310
Time-to-peak (tp) tp = o \;1_&2 tp ~ 2.34T tp o~ i:
Settling time at 5% (fay) tos = g ln(187) = g tagy; = 2,397 togy, = T
Settling time at 2% (tayy) 800, u}ie In (%] ™~ tay, = 3.19T tagy, = %
Period of oseillation (Tp) Ty = = j"lr = Tp o 4.71T Ty %
Characteristic polynomial A2 4 2wn A+ w2 =0 A+ oA+ =0 A2 4 1.3Twpd + w2 =0
Poles pr2=—wn[§ £V 1—E2] | pro~—4(1.25£1.335) | pra = —wn(0.685 £ 0.73;)




