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1. Relative degree of NL systems

System considered:

x(1) = T(x(1)) + g(x(®)u(t) (1)
y(t) = h(x(1))

Definition [Isidori 1995]:

The nonlinear SISO system (1) is said to have a relative degaeeund X if:
() LyLkh(x)=0 for all x in a neighbourhood of%and allk < -1,
(i) LLihed)ro

where L;h(x) = n %T—h(x)fi(x)

i=1

The relative degreeof (1) is said to be well-defined if (1) has the relative degrate
all points in an operating set [Chen 2001]

Irseem



2. Unconstrained NCGPC

Criteria to minimize:

-
J :% [&(t + )]t where  &{t+7)=Y(t+1)- W(t+1)
0

The control law can be derived under the assumptia[Chen 2003]:

1: zero dynamics exist and are asymptotically stabl
2: all states are accessible for measurements;
3: the system has a well-defined relative degree;

4: the output and the reference are sufficientlyyrtames continuously differentiable with respectitoe;
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2. Unconstrained NCGPC

Taylor’s series expansion:

r

k r
Yt +¢) = y(k)(t)[k—|+R(z‘f) > Jt+t)» 1 ¢ L
k=0 )

y(t) = h(x(t))
y(t) = L¢ h(x(1)

where
Yy (t) = LEn(x(t) + LLt ™ h(x(®))u(x(t))
In a similar way: )
wmt+t)» 1 ¢ [,_ru )
A7 (1)
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2. Unconstrained NCGPC

Taylor’s series expansion:

y(t)
t"y)
r!
y!(t)

yit+t)» 1 ¢

mt+t)» 1 ¢ —

Y(t) =

W) =

y(t)
y(t)

y (1)

mt)
mt)

A" (1)
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2. Unconstrained NCGPC

Criteria to minimize:

From E(t) =Y(t)- W) mm)  &t+1)=L()E®)

T

)
J :% Bt+o)Pdr J:%Et(t) LY L ()dr E(t)
0 0

.
Let the prediction matrixp (T, )= L()L(¢)dt

0

where P (T, )is of dimensions # 1)n( + 1)

Criteria minimization:;

O b rED =0

flu(t)
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2. Unconstrained NCGPC

Criteria minimization:

y(t) - mt) h-w
t) - L:h- t
E= Y- vl mm) E- e 0/ — 1115((:)) =10r ,  LgLf h(x(t)
r-1
Yy @) - Wt (1) Uh-wn) Uk
Let  D(x(t) = LyL; *h(x(t))
e | h- w
jw—((tt)) P(T,r)E®)=0 wmp [o,, DIP(T.r) =0
L h- wt") +Du
h- w
=) DP. =0 WhereP (dimensions & ( + 1)) is the last row ofP (T, )

L2h- uA") + Du
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2. Unconstrained NCGPC

Criteria minimization:

h- w
DP =0
L h- wd") +Du

The relative degree is supposed well-definesip D cannot vanish for ak / X : see (ii)

0 w- h
m) P, ' =P,
Du
WA - Lh
w- h
mm) P Du=P, whereP  (dimensions 1x1) is the last element of veétor
WA - Lih
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2. Unconstrained NCGPC

Resulting control law [Dabo 2009]:

w- h w-h
P.DuU=P, — u=D'P P,
WA - Lih WA - LTh
I 2r +1 r! 2r +1
Let K(T,r)=P.lP K(T,r)= ——
MN=PsP, mmp KON 75707 Triiig+i+g

o K, [L'f h(x(t)) - w/"a)]
—_ =0
- 1) Lo Lt th(x(t))

where K o er+l is the (I+1¥ element oK(T, )

TN (T Y
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Change of coordinates:

2. Unconstrained NCGPC

Zr y(r-l) _ l/l/f_l)

4 =2

‘ Zy =13

z, =Lth- W) +ulLfh

Resulting linear (and controllable) system:

Z=AZ with A=
0=Cz
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0 1 0 0
0 0 1 0
0 0 0 0
where K, _r_ e+l
I (r+1+DT71
0 0 0 1
- KrO - Krl - Kr2 - Kr(r-l)
Characteristic polynomial:R(/) =K, ,+K,,/ + +/7=0




3. Case of relative degree =1

Characteristic polynomial:

R(/)=Kyo+/

Parameter identification:

K _L!2r+1
Wt r+a

1
q and
1

Theorem 1:

Corresponding system:

H.(p) = 1fi}p
) | g=2T/3

The application of NCGPC to SISO nonlinear system of dimension 1 egisirelative
degree, leads, in the right space of coordinates, to a liffeadé&r system with transfer
function H, defined by a time constantand a static gai®, equal to the reference

signal (t).
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3. Case of relative degree = 1: some properties

Characteristic parameters/times:

Prediction T
horizon time
Time constant q = 2T/3
Settling time at 5% tey, » 2T
Cut-off _
frequency he =321
Pole / =- 32T

Imaginary Axis

Closed-loop system stability:

0.5-

o X X KK OO0

N\

Pole for T=100s
-0.5r Pole for T=1s 7

Real Axis
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3. Case of relative degree = 1: example

System considered: Parameter values vs. T:
—- 2
X(t) = 3x°(t) +u(t) Prediction time | K = [K K]
y(t) = x(t) T (s)
1 [1.51]
System analysis: 5 [0.75 1]
system dimension = 3 [0.5 1]
relative degree = 1 4 [0.375 1]
=) No zero dynamics 5 [0.3 1]
Desired output: Control law:

1

step Ky (T [L h(x(t)) - wt" (t)

= |=0
u(x(t)) L, L h(x(t))
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3. Case of relative degree = 1: simulation results

Output

Control

Tracking of a given reference signalam(t)

1 — ———
0.9 ""?'m”F?éspéﬁs’é for T=5s
0.7 *Response for.T=4s ... :
0.6 ___Resppn_se.fqr_'l.'?s.s,..........§
0.5 Regpcﬁs;e' fter-zs """""""
0.4
0.3 Response for T—1s .
0.2
0-1 ....................................... é

0 ; . . j

0 5 10 15 20 25

time (s)
Control signal

2_.. R R

i}

ok Qontrql_fqr_Tfﬁﬁ_________,.____.____._..5

. Contrc:-l for T—_4s

- "'th’c’fél'fok"i'ﬁﬁé'"""'5'"""""""?

-2 __ff_f_r___an_t_r_c_nl__f_o_r_]_':%l_s______________________f

. Control fqr T=1s

-3 —— i

_4 1 1 I 1 I

0 5 10 15 20 25
time (s)

Tracking of a given reference signalm(t) (Zoc:-m}

T 1

1 _ ——

099F-------- A T 0, e ’- ...............
Time-response

5 0.97F ; 103"f01"'|’“55"""""'

Soooglb- b L
8 Tme response

error

..;e Tlme responae 4s for T-25 "
Tme—responsq 2s for T=1s;
10 15 20

0-2 .............................. _ .............. ..............................
0 --------- j-;'_:_———i
-0.2 N \ ErrorforT—Es
: ErrorforT 45 5 :
-0.4- e .
ErrorforT 35
Er'rorforT 25
=0.8f Errerfor T-1-sr ----------------------------------------
-1 i i i i
0 5 10 15 20 25

time (s)



Characteristic polynomial:

Po(/) =Koy +Kpyf +/2 H,(p) =

4. Case of relative degree = 2

G,

Parameters identification:

[ri2r+
Kzo:'/"r% £2r+1—w2 I = Lf.2r+1:L
T/ r+1 " o

P* + 2w, p + W,

Corresponding system:

EZliiXWn ‘ r\ 2r +1:2XW ‘ <
22 ~ T1 r+2 n X(T,r)zi r_! (r +1)(2r +1)
\ 2772\ (r+2p
Theorem 2:

w, »1.83T

X » 0.685

The application of NCGPC to SISO nonlinear system of dimension 2 egisirelative
degree, leads, in the right space of coordinates, t&@@er linear transfer function with

a constant damping ratiQ, 0.685

and a natural frequancy 183T
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4. Case of relative degree = 2: some properties

Characteristic parameters/times:

Pr_edicti(_)n T
horizon time
Rise time t » 147T
Time-to-peal t, » 2.34T
Percent overshoot PO» 521
Settling time at 5% tey, » 2.39T

Poles

/1, =- % (125+ 133)

Resonant frequencgy

w, » 046T

Imaginary Axis

Closed-loop system stability:

................................................ X"
o  PolesforT=1s . polesfor T=100s < :
ws /o ?

? | | | e

‘ ‘ . ‘ .
- L .o
x.

-1.5 i i i i i i

-1.4 1.2 -1 -08 -06 -04 -0.2 0
Real Axis
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4. Case of relative degree = 2: example

System considered: Parameter values vs. T:
(0 =% Prediction time —
X, (t) = 2x2(t) - 3u(t) T () K= [K50K5 Kol
t) = % (t
=% 1 [3.33 2.5 1]
System analysis: 2 [0.831.251]
system dimension = 2 S [0.370.8:1]
relative degree = 2 4 [0.210.63 1]
=) No zero dynamics > [0.13051]
Desired output: Control law:
2
Step - KR hx) - WO
u(x(t)) = —=°
Ly L h(X(t))
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4. Case of relative degree = 2: simulation results

Trackmg ofa gwen reference 5|gna|o)( )
Reference 5|gna| cu( )

.......................................................

Tracking of a given reference 5|gna|co(t} {Zoom)

5
: j=n
__________________________________________________________ =
Response for T-35 o N ———
0.99f - O\fershoot for- T“4s
Response for T= 23 0.98¢---- OVE‘VShOOT for T=3s-
[] 9? .............
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: : : : 0.96 - Overshijdt' ﬁ:ir'T:1 R o
1 1 1 1 1
10 15 20 25 0 . 10 15 20
time (s) time (s)
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1__ D4 ............... R R R R R PP
——— D21 .............................................
| ; oo = S
; ™ Control for T=5s ; ;
— N T ‘Control for Tede - B T B S R SO
2 : ; : 5 702 : *Error for T-55 .
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Control for T'1$ -0.6 ---Error for T—Ss --------------- SRR
-1 Error for T=2s
_D-B ..................... , ............................................
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Conclusion and future work

Properties of NCGPC when applied to NL SISO systertis
Relative degree equal to 1: stability, speed & eacy (step)

Relative degree equal to 2: stability, speed & eacy (step)

Criteria based on errand control signal
Robustness

Nonlinear Discrete-time GPC
Constraints on actuators

Fault tolerant NDGPC
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Thank you for
your attention!
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Appendix 1. Case of f-order system: some properties
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Appendix 2. Case of Z-order system: some properties
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