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Introduction

Two approaches for estimation

Knowing the state of a system is crucial for solving many control problems.

State estimation

.

Set-membership
approach

Stochastic
approach

Ellipsoids

Parallelotopes

Zonotopes

I

|

Combination
Zonotopes & ellipsoids
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Problem formulation

rithm for set-membership estimation

Consider the linear discrete-time invariant system:

{ Xkt1 = Axg + Fuwy )
Yk = CTXk + ovg

where x, € R”, y, € R, wyx € R” and v € R. The pair (¢, A) is detectable.

n systems based on zonotopes and ellip:



Problem formulation

Objective
Gel

algorithm for set-membership estimation

Consider the linear discrete-time invariant system:

{ Xkt1 = Axg + Fuwy )
Yk = CTXk + ovg

where x, € R”, y, € R, wyx € R” and v € R. The pair (¢, A) is detectable.

Objective

Assume that xg € Xp, wx € W and v, € V for all kK > 0.

Set-membership approach:

Xk € Xk = Xpk+1 € Xkt1-

— Find the optimal set .XAk+1 that contains Xy ;.
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Problem formulation

General algorithm for set-membership estimation

Consider the linear discrete-time invariant system:

T

X1 = Axk + Fuwg
Yk =C Xk +ovg
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Problem formulation

Objective
General algorithm for set-membership estimation

Consider the linear discrete-time invariant system:

{ Xg1 = Axk + Fuwg
Yk = CTXk + ovg

@ Prediction step
X1 = AR UFW

where 2?;(+1 is a predicted state estimation set.




Problem formulation

( ctive
General algorithm for set-membership estimation

Consider the linear discrete-time invariant system:

T

X1 = Axk + Fuwg
Yk =C Xk +ovg

@ Prediction step
X1 = AR UFW
where /fkﬂ is a predicted state estimation set.
o Measurement
Xyerr = D1 €R7 2 e 41 — yia| < 0}

where Xy, | is the consistent state set by using
the measurement yj 1.
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Problem formulation

( ctive
General algorithm for set-membership estimation

Consider the linear discrete-time invariant system:

{ X1 = Axk + Fwyi
Yk =c X+ ovi

@ Prediction step
Xiy1 = A UFW
where )?k+1 is a predicted state estimation set.
o Measurement
Xyy = {41 €R™ 2 e T X1 — Y| < o}

where X, , is the consistent state set by using
the measurement yj ;.

o Correction step
X1 2 X1 N Ay,

where )?k_H is the guaranteed state estimation
set.
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Notations and properties

Mathematical notations

Interval: [a,b] = {x € R:a < x < b}

Unitary interval: B =[—1,1]

Box (interval vector): ([a1, b1, ..., [an, bn])T C R"

Unitary box: B" = {x € ([-1,1],...,[-1,1])T} C R".
—_————

n times

Strip: S(y,d) ={x€R": |y —dTx| <1}.
Minkovsky sum: A®B={a+b:ac A bec B}
Ellipsoid: £(c, P) = {x: (x — ¢)TP71(x — ¢) < 1}, where c € R" is the center
and a matrix P = PT > 0 characterizes its shape and size.
Zonotope: a convex symmetric polytope.
m-zonotope: the set Z=p@ HB™ = {x € R" : x = p+ Hz,z € B™}, with a
vector p € R” and a matrix H € R"™<™,
P-radius of a m-zonotope Z = p ® HB™:
L =max||lx — p||3 = max(x — p) T P(x — p), with P =PT >0

xXeZ XEZ
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Notations and properties

Properties

Property 1: Affine transformation of an ellipsoid

AE(c,P)+b=E(Ac+ b,APAT), where A € R"*" and b € R".

Property 2: Sum of two ellipsoids [Durieu et al., 2001]

&1, P) U &(co, P2) C E(c, P), with c = c1 + 2, P = ¢] ' Py + ¢; ' P> and
¢1+ ¢2 =1

Property 3: Intersection between an ellipsoid and a strip [Fogel and Huang, 1982]

E(c,P)NS(y,d) CE&'(c',P"), with ¢’ = c+ Pd, ¢ >0,
1+vyg
Poie— 2 P Y padTP) g—dTPdand 5=y —dTec.
1+g 1+vg

Property 4: Affine transformation of a zonotope [Combastel, 2003]
AZ = (Ap) ® (AH)B™, with A € R"™",

Property 5: The Minkovsky sum of two centered zonotopes [Combastel, 2003]
Z1® 2, = [Hi  Ho| B™*™, with Z; = HiB™ CR" and 2, = H,B™ C R".

Property 6: Intersection between a zonotope and a strip [Le, 2012]
d 5 N

2n8(Z,5) S Z(\) = p(N) ® H(AB™, with p(A) = p+ A(dT —cTp),
o O

H) = [(1=AcT)H o] and A € R™.
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Ellipsoidal state estimation

Prediction step
Correction step

Xk+1 = Axk + Fuwy
Yk =X+ ovi

Assume that xg € E(co, Po), W = £(0, In), V = B and xx € Ex(ck, Px)
Prediction step:

g-k+1(Ck+1, Pk+1) = gk(ACk, APkAT) U S(O7 FFT)
Property 2 implies that 3¢ = [¢1, #2] T € R? such that

{ Ch1 = Ack

Piy1 =17 1P+ o7 1P, O — Q
with Py = AP,AT, P, = FFT and ¢1 + ¢» = 1.
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Prediction step
Correction step

Ellipsoidal state estimation

-

Xk+1 = Axk + Fuwy
Yk = C Xk +ovg

Assume that xg € E(co, Po), W = £(0, In), V = B and xx € Ex(ck, Pk)-

Prediction step: R
Ek1(Cri1s Pry1) = Ex(Ack, APLAT)UE(0, FFT)
Property 2 implies that 3¢ = [¢1, 2] T € R? such that:

{ Ch1 = Ack
Pri1 =17 1P+ 27 1P, E—
with Py = AP,AT, P, = FFT and ¢1 + ¢» = 1.

Minimization of the size of xy1(Cki1, Prs1)

Trace criterion: Determinant criterion:
[Durieu et al., 2001] [Durieu et al., 2001]
* = mdln tr(Pi1) ¢* = min log det(Px41)

[
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Prediction step
Correction step

Ellipsoidal state estimation

{ Xg1 = Axk + Fuwg
Yk = ¢ X+ ovi

Assume that xg € E(co, Po), W = £(0, In), V = B and xx € Ex(ck, Px)-

Correction step:

Err1(Exr1, Py 2 Erga(Chrns Prs1) N Xyeir
Property 3 implies that 3¢ > 0 such that:
pd

1+Yg
Proi=(1+¢— ——
g

Ckt1 = Ckt1 +

9 T
v Cc C
7,¢,gpk+1;7pk+1)

T T
: _c c _ Yk+1 c
with g = <Py 1< and 6 = =2 — S-cpq1.
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Prediction step
Correction step

Ellipsoidal state estimation

{ Xg1 = Axk + Fuwg
Yk = ¢ X+ ovi

Assume that xg € E(co, Po), W = £(0, In), V = B and xx € Ex(ck, Px)-

Correction step:

Err1(Exr1, Py 2 Erga(Chrns Prs1) N Xyeir
Property 3 implies that 3¢ > 0 such that:

(L)
G1 = ki1 + ——— P £
k+1 k+1 1+vg k+175
:bk_*_l:(l—f—le“‘/‘—lﬁi ;Pk_*_1£c—r Pk+1)
' 1+ g g o o

Minimization of the size of £k+1(ck+1, Pi+1)

Trace criterion: Determinant criterion:
[Durieu et al., 2001] [Durieu et al., 2001]
* = min tr(P * = min log det(P,
P »0 (Pk+1) Y ! g (Pk+1)
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Prediction step

Zonotopic state estimation P-radius minimization method

{ X1 = Axx + Fwg
Yk = ¢ xg + ovi

Assume that xg € Zo(co, Ho), W = B", V = B and x¢ € Z(px, Fk).

Prediction step:

Zi=AZco FW =Apc @ [H,  F| B
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Prediction step
Correction step
Zonotopic state estimation P-radius minimization method

{ Xg+1 = Axk + Fuwg
Yk = ¢ X+ ok

Assume that xg € Zg(co, Ho), W = B", V = B and xc € Zx(px, Fk).

Prediction step:

Zip1 = AZc© FW = Ap @ [Fj F] B™".
Correction step:

Zk? N Aypy C Zip1(N) = Prs1 (V) @ A (V)BT
wit

lak+1()‘) = APk + A (yk+1 — CTAﬁk)
I:Ik+1(>\) = [(/ — )\CT) AI:Ik ([_ /\CT) F a'/\]
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Prediction step
Correction step
Zonotopic state estimation P-radius minimization method

{ Xg+1 = Axk + Fuwg
Yk = ¢ X+ ok

Assume that xg € Zg(co, Ho), W = B", V = B and xc € Zx(px, Fk).

Prediction step:

Zip1 = AZc© FW = Ap @ [Fj F] B™".
Correction step:

Zk? N Aypy C Zip1(N) = Prs1 (V) @ A (V)BT
wit

lak+1()‘) = APk + A (yk+1 — CTAﬁk)
I:Ik+1(>\) = [(/ — )\CT) AI:Ik ([_ /\CT) F a'/\]

How to compute the vector A € R” in order to minimize the size of the zonotope
Zp41?
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ction step
p

Zonotopic state estimation P-radius minimization method

| Optimization-based approaches |

I
[ l |

P-radius Segments Volume
minimization minimization minimization
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iction step

Zonotopic state estimation P-radius minimization method

| Optimization-based approaches |

I
[ l |

P-radius Segments Volume
minimization minimization minimization

The P-radius of the state estimation zonotope at time k is:

Ly = max |[Ix—pullp = max (x—pu) T P(x — pr).
x€Z,(N) x€Z,(\)

The non-increasing condition of the P-radius is given by [Le et al., 2013]:

L1 < BLy + max [|Fwlf3 + o2,
weB”n

0<pB<1.
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iction step
it

ep
Zonotopic state estimation P-radius minimization method

Sufficient condition is to solve the LMI [Le et al., 2013]:
Find the smallest value of 8 € (0, 1) such that:

max T
T,P,Y
subject to
(1-B)P
o2+const t 1

8P 0 0 ATP—ATcYT
x FTF 0 FTP—FTcYT
* * o2 YTo

* * * P

with const = max ||Fwl||3 and the decision variables are 7 € R, P € R"™", and
weBn

Y =PXxeR"
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Proposed approach

Advantages of the two previous estimation approaches:
o Good estimation accuracy using the zonotopic estimation method
o Low complexity using the ellipsoidal estimation
— The idea is to combine these two methods!
Question: How to make a transition from the zonotopic estimation to the ellipsoidal
estimation?
Ellipsoid related to the P-radius of the zonotope ZAki

EPrs LkP™) = {xk € R™: (3 — Br) T (LkP™1) 7 (e — Bk) < 1}

Zonotope

Iteration Iteration Iteration
& K+ 1 k+2

—f —

Ellipsoid related to P-radius of the zonotope

o2 -+ const

1-58

LkﬁLoo:
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Proposed approach

Scaling of the ellipsoid related to the P-radius of the zonotope 2y
EBi, LkP™Y) = {x € R™: (i — pie) T (L P™1) (i — i) < 1}

with a € (0,1).

Objective: Obtain the smallest ellipsoid which is the outer bound of the zonotope Z!
Solution:
max o

subject to

0<a<l
O — Be) TaPL (k= i) < 1, Vxe € Vg,

with stk the vertices of ﬁk.
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Proposed approach

Algorithm: Combination of the two methods [Ben Chabane et al., 2014]

Inputs: N, €, x¢, %o, |

Compute the scaled
ellipsoid &

Compute the
zonotopic set
estimation Z;and its
P-radius Ly,

L — 1

Compute the ellipsoid
estimation &, viathe trace
minimization estimation

L |

where [ is the length of the horizon of slow variation of the P-radius and ¢ the desired
level of accuracy of the P-radius

state estimation for uncertain systems based on zonotopes and ellip:



Proposed approach

Example

Consider the following linear discrete-time invariant system:
11 i —0.24
X+ = o 0.8)7 T | 0.04 |“K
Yk = [72 1] Xk + 0.4Vk

with ||[vklloo <1, ||wkllco < 1. The initial state belongs to the box 3B2.

| 3, 2013 Set-membership state esti ion for uncet systems based on zonotopes and ellipsoids



Proposed approach

Example

fddsoos 069 6 6 9 4

Figure: State space sets
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Proposed approach

Example

B T T ! : !
— — — P-radius-based zonotopic estimation
—— -Trace-based ellipsoidal estimation

5 — Proposed method M

Yolume comparison

Sarmple time k

Figure: Comparison of the volumes
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Proposed approach

Example

) T
25 — — —P-radius-based zontopic estimation
2 — — ~Trace-hased ellipsoidal estimation
Proposed method
15
s Ea
H H
& E
i — == Pratius based zonotapc estimaion
— — -Trace-hased ellipsidal estimation
0 Praposed methad
0 i) 40 60 80 100 120 20 40 60 80 100 120
Sampls time k Sampls time k
Figure: Bounds of x; using the three methods Figure: Bounds of x» using the three methods
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Proposed approach

Example

Table: Total computation time after 120 time instants

Algorithm Time(second)
P-radius based zonotopic estimation 0.2652
Trace-based ellipsoidal estimation 0.0808
Combined method 0.1479
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Conclusion and perspectives

Conclusion:
@ Set-membership estimation based on zonotopes is more accurate than ellipsoidal
estimation but with higher complexity

@ A new criterion based on the P-radius is proposed in order to make a transition
from the zonotopic estimation to the ellipsoidal estimation

@ The proposed method offers a good trade-off between the accuracy and the
complexity

Perspectives:

@ Apply the proposed method to Fault Detections (FD) and Fault Tolerant Control
(FTC) purposes
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Conclusion and perspectives
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Conclusion and perspectives
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