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 Flexible Control Lyapunov Functions (CLFs)

e Trajectory-dependent CLFs: hybrid systems

joint work with Andrej Jokic

 Optimized input-to-state stabilization

joint work with Maurice Heemels

o Structured CLFs: decentralized control of
dynamically coupled nonlinear systems

joint work with Andrej Jokic
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Control Lyapunov functions

(k4 1) = ¢(x(k),u(k)), (k) € X, uw(k) €U, ke Zy

ViR" =Ry, Zaj,az,03 € Koo, u(x) : X — U such that
ar([lz]) < V(z) < ax(|[z]), VzeX

V(g(z,u(z))) — V(z) < —az(|lz]]), VzeX

V(d(z,u(z))) —pV(z) <0, Vz X, p€ Ry

At time k € Z4 measure x(k) and find u(k) such that
u(k) € U, ¢(z(k),u(k)) € X
V(p(z(k),u(k))) — V(x(k)) + az(llz(k)[]) <O

Let 7(x(k)) be the set of feasible control actions
Then x(k+ 1) € ¢ (xz(k), n(x(k))) is AS in X
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Control Lyapunov functions
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Stable
point

0 T 2 3 - Time
Lyapunov Function = Energy
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Control Lyapunov functions

90% (Qin and Badgwell, 2003)
=TT~ \*.-*""Control Engineering Practice

Stable
J point

0 1 2 3 - Time
Rigid Lyapunov Function

Cone Radius:

i V(g(x, u(2))) < pV ()

swve  V(g(z,u(@))) < pV(2) + A(z)

ST s 5 Tme
Flexible Lyapunov Function
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Flexible control Lyapunov functions

Choose a candidate CLF V(-) and a cost J(\(k))

At time k € Z4 measure xz(k), minimize
J(A(k)) over A(k) and find u(k) such that
uw(k) € U, ¢(x(k),u(k)) e X
V(g(z(k),u(k))) < pV(z(k)) + A(k)

Let n(xz(k)) be the set of feasible control actions
If k”m AMk) =0 then z(k+ 1) € ¢¢(x(k), n(x(k))) is AS in X
— 00
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Flexible control Lyapunov functions

At time k € Z4 measure z(k), minimize
J(X(k)) over A(k) and find u(k) such that
u(k) e U, ¢p(x(k),u(k)) € X
V(p(x(k),u(k))) < pV(z(k)) + A(k)

Ak) <pA(k—1), ke Ry

V(x(1)) < pc+A(0)

0 Time (k)
Flexible Radius Lyapunov Function: V(x(k))
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Flexible control Lyapunov functions
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(k4 1) = f(x(k)) + g(x(k))u(k)

<m 1(k)40.7[z] 2 (k) +([z]5

(k))?
[2]2(k)
© Dr. Mircea Lazar
m.lazar@tue.nl

Technische Universiteit
Eindhoven

University of Technology



Power converters: 0.1ms
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Trajectory-dependent CLFs

(k4 1) = ¢(x(k),u(k)), (k) € X, uw(k) €U, ke Zy

Time-variant Control Lyapunov Function:

ViZy xR"—=R4, 3Fag,an € Keo, u(z) : X — U s.t.
ar1(l|z]]) < V(k,z) <ax(||z]]), VrecX,VkcZy

Ve(0) € X, V(k+ 1,¢(x(k),u(z(k)))) < pV(k,z(k)) Vk € Zy

At time k € Z4 measure z(k) and find u(k) such that
u(k) € U, ¢(z(k),u(k)) € X

V(k,¢(x(k),u(k))) < pV(k,z(k))

Let n(x(k),V(k—1,-)) be the set of feasible control actions
Then z(k+ 1) € ¢¢(x(k), 7(x(k))) is AS in X
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Trajectory-dependent CLFs

V(k-1,x(k)) > A(k)

V(k-1,x(k-1)) V(k-1,x(k-1))

|
N}H X(K))
|

V(kx(k)) > (k)

|
|
|
. . | V(k-1,x(k))
I X [
: : : V(k,x(k)) :
[ [ V(k.x(k+1)) [ |
I | [ l
: : : : | | Vikx(k+1)
| | | | | |
| I | | | |
I | | > [ | | >
0 k-1 k k+1 Time (k) 0 k-1 k k+1 Time (k)
Monotone time-variant CLF Non-monotone time-variant CLF

Particular cases:
S-procedure relaxation (Johansson and Rantzer, 1998)
Multiple Lyapunov functions (Branicky et al., 1998)
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A flower system for synthesis

(Ayzp + Bug,  if Ejxy > 0
Aoz + Buy, if Ecxp > 0
A3£Ek, + Buy, it Ezx;. >0
\A4xk —|— Buk it E4$k: Z 0

Th+1 = §

zr € X =[-10,10]?, wupeU=][-1,1]

Ay = Ag = [o.s 0.61 —0.92 0.644] B= H

0.9 1.345] Ap = Ag = [O.758 —0.71 0

By= 3= lj _11] By =—Ey = [‘11 }] L Q=10"%1;, R=1073

(Lazar et al., ACC 2005)

© Dr. Mircea Lazar Technische Universiteit
m.lazar@tue.nl I U Eindhoven

University of Technology



A flower system for synthesis

N o
_1 =
_27
_37
_4 L | | |
-4 -3 -2 -1 0 1 2 3 4
x1
12.9707 10.9974] [ 79915 —5.58908]
P1=110.9974 149026J’P2_ {—55898 53833J’P3_P’ Fa = P,
Ki=|-07757 —-1.0209], K, = [0.6788 —0.4302|, K3 = K1, Ki= K>
| J ) Z L J bl S 1 4 P4
- 0.4596 1.9626]| .

<
'—l
'_l

I

0.4545 2.0034]
2

1.9626 0.0198J’ 12 .0034 0.0250J’
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Solution based on tdCLFs
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Trajectory-dependent CLFs can cope with non-trivial
stabilization problems in hybrid systems
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Solution based on tdCLFs
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Concluding remark:
Flexible/trajectory-dependent CLFs do not necessarily imply
existence of a global CLF in the classical sense
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Input-to-state stability

System: xz(k+ 1) € ®(z(k),w(k)); keZy
Input-to-State Stability (ISS)

(Sontag, 1989, 1990), (Jiang and Wang, 2001)
lz(k)I| < Bz, k) +~(Iw_qgl),  BEKL, v €K

l
ISS gain

Sufficient conditions for Lyapunov stability and ISS:

ai(llz]]) £ V(z) < ax(llz])
V(zT) - V(z) < —az(||z]]) + o(||w])
for all zT € d(z,w), Vz,w |
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Inherent input-to-state stability

(k4 1) = ¢(x(k),u(k), w(k)), =(k) € X, u(k) € U, w(k) e W
= f(@(k),u(k)) + g(z(k))w(k), keZy

X compact, V(-) continuous on X for all u € U, ||g(z)|| < M

V(o(z,u,w)) = V(e(z,u,0))| = [V(f(z,u) + g(@)w) = V(f(z,u))]
< oy (M|[w][) = a([[w]])

V(e(z,u,0)) = V(z) < —az((lz|)

!

V(o(z,u,w)) = V(x) < —az(lz]]) +o([w]), VeeX, vweW

Then z(k+ 1) € ¢c(x(k), mo(x(k)),w(k)) is ISS(X, W)
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Feasibility versus performance

Rigid
design!

0 1 2 3 - Time

Constant closed-loop ISS gain

V(¢(z,u,0)) — V(z) < —az(fz]])
V(o(z,u,w)) = V(z) < —az(lz]]) +o([w]), VeeX, VweW
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Optimized input-to-state stabilization

(k4 1) = ¢(x(k),u(k), w(k)), =(k) € X, u(k) €U, w(k) e W
= f(z(k),u(k)) + g(z(k))w(k), keZy

At time k € Z4 measure z(k), find u(k) and Flexible
minimize the gain of o (0(s) = n(k)s") such that design!
u(k) € U, ¢(a(k),u(k),w(k)) €X | 1

V(¢(z(k),u(k), w(k))) — V(z(k)) + az(|lz(k)|]) — o([[w(k)[]) <O

Vw(k) € W (Lazar and Heemels, ACC 2008)

ISS Inequality - not convex in w
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Exploiting the input bounds

W is a polyhedron with a non-empty interior containing the origin

w® e=1,...,FE are its vertices

Simplicial partition: Sq,...,Sy, UL S, =W

S; = co{0, w1, . .. wl}
{w1,. .. wi} C {wl, ... w”}

Example in the figure: Sq,55,.

.., S5, where

5

1

w w
S;
85 S2
2
0 w
S4 S3
WS

the simplex Sz is generated by 0, w31, w32 (e31 =3, ez 2 = 2)

For each simplex S;,
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Finite number of inequalities

Associate with each w® an optimization variable \¢(k), k € Ly
V(-) is convex and continuous
For known z(k) suppose that u(k), A\1(k),..., A\g(k) satisfy:

V(g(z(k),u(k),0)) — V(z(k)) + az(|lz(k)[[) <0
V(¢(z(k),u(k), w®)) — V(z(k)) + az(l|z(k)[]) — Ae(k) <O
foralle=1,...,F

Then: N (B)[pq ... ,u,.(]T = X.,;(Z{:)W’}__lfu.z(k)

V(e(z(k),u(k), w(k))) — V(z(k)) + az(|lz(k)[]) — o([[w(k)[]) <O

with o(s) = n(k)s and n(k) == max [ X(K)W; Y|

7

where X;(k) := [Ae; 1 (k) ... Ae;, (k)] € RYX!
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Finite dimensional problem

J:RY Ry, ag(A) < I, ) < as(IX])
At time k € Z4 measure z(k),
and minimize J(A1(k),...,Ag(k)) subject to

u(k) € U, Ae(k) >0, f(z(k),u(k)) € X ~ W, Inherent ISS

'

V(g(x(k),u(k),0)) = V(z(k)) + az([[z(k)|]) <0
V(¢(z(k), u(k),w)) = V(z(k)) + az(|lz(k)[]) — Ae(k) <O

foralle=1,....FE \

Let #(x(k)) be the set of feasible control actions
Then x(k+ 1) € ¢c(x(k), n(x(k)),w(k)) is ISS(X, W)
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Finite dimensional problem

J:RY =Ry, ag(XI) < T, 28) < as((IX]])

At time k € Z, measure z(k),

and minimize J(A1(k),...,Ag(k)) subject to

u(k) € U, Ae(k) >0, fz(k),u(k)) € X ~ W,
V(¢(z(k),u(k),0)) — V(z(k)) + az([lz(k)|) <O
V(g(x(k),u(k), w)) = V(z(k)) + az(|[z(k)|]) — Ae(k) <O
foralle=1,...,F

A= pecl(X)uonal oy E{V(fb(w, u,w?)) — V(z) + az(|z])}

The developed optimization problem,
although it inherently guarantees a constant ISS gain, it provides
freedom to optimize the ISS gain of the closed-loop system
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Optimized ISS - Flexible!
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Equilibrium

0 1 2 3 - Time
Optimized closed-loop ISS gain

The trade-off between
feasibility and disturbance attenuation
IS optimized on-line
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A single linear program

z(k+1) = ¢(x(k), u(k), w(k)), =(k) € X, u(k) €U, w(k) e W
= f(z(k),u(k)) + g(z(k))w(k)
= f1(z(k)) + fo(z(k))u(k) + g(z(k))w(k)

V(z) = [Pzl
Infinity norms as Lyapunov functions (Kiendl, 1992)
(Polanski, 1997; Bemporad, 2000; Lazar, 2006; Christophersen, 2007)
Jollo = max [[alil, lillo < ¢ & leli < ¥ € Zpy
+ [P(f1(z(k)) + f2(z(k))u(k))]; — V(z(k)) + as(llz(k)]]) <O,
+ [P(f1(z(k)) + f2(z(k))u(k) + g(z(k))w)];
— V(z(k)) 4+ az([[z(k)[]) — Ae(k) <O,
Vi € Z[l

,p]’ €e— 1,..., E

© Dr. Mircea Lazar
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Still a single LP or QP

N-1

Jruc(z(k), u(k), \(k)) := F(z(k+ N)) + Z L(z(k + 1), u(k + 1)) + J(A(k))

—~

21=0

Lower complexity for “any” model class: (V(z) = ||Pz|lc)

1a.
1b.

2a.
2b.
2cC.

N=1:
N =1":

NEZzll
NEZzli
N € Z>1 -

© Dr. Mircea Lazar
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Quadratic costs, nonlinear model = QP
Infinity norm costs, nonlinear model = LP

Linear model = QP or LP

PWA model = MIQP or MILP
Nonlinear model = Linear stability constraints
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Decentralized formulation

Dynamically coupled nonlinear systems

w; (k)
(Lazar et al., NMPC 2008)

zi(k+ 1) = ¢;(z;(k), u;(k),v;(zpr(k)), wi(k)), k€ Zy
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Decentralized implementation

w; (k)

ui(k) € U, Ne(k) >0, ¢i(ai(k), ui(k), vi(ap; (), 0) € Xj ~ W, 1y
Vi(ei(i(k), ui(k), vi(p; (k)), 0)) = Vi(mi(k)) + ol (zs(k)[) <0

Vi(@i(i(k), ui(k), vi(n; (k)), wf)) = Vi(mi(k)) + a5 (lzs(k)[]) — Ae(k) <O,
Ve=1,E

Decentralized feasibility implies global ISS
© Dr. Mircea Lazar
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Decentralized implementation

w; (k)

ui(k) € U, AL(k) >0, ¢i(x;(k),u;(k),vi(zp;(K)),0) € X; ~ W, hy
Vi(¢i(xi(k), ui(k), vi(zp; (k)), 0)) — Vizi(k)) + a([lz:(k) ) < (k)

Vi(¢i(zi(k), ui(k), v;(zpr (K)), w)) — Vi(w; (k) + a5(||lz;(k)]]) — Ma(k) < 0,
Ve=1,E;

Further relaxations - distributed MPC
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Case study: system dynamics

¢1(z1,u1,v1(2TpA7), wW1) 1= é 0i7] x1 + !Sin([ml]z)] + [0'245] u + { 01 ] + wy

X1 =Xo ={£ €R?| [|¢]loo < 5}
Up=Ux={¢eR| [ <2} uo (k)

vi(an, (k) e
ulh) ==

v2(z N, (K))

w1 (k) W1=W2={§€R2H|€1<0-\

|1 0.5 Sin([xg]g) 0.125 0
¢ (2, u2, v2(Tp), w2) 1= [O 1 ]332 + { 0 + | g5 |¥2t (2111 + wo
© Dr. Mircea Lazar Technische Uni
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Case study: simulation results

System 2

States

Control Inputs

Samples Samples
© Dr. Mircea Lazar Worst case CPU time: 5 milliseconds T
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Concluding remarks: Flexible CLFs

 Theoretically appealing:

- offer “least conservative” synthesis methods

- strong guarantees of stability and “optimized” ISS

o Suitable for real-time control:
- Flexible CLFs =improved feasibility

- low complexity: a single LP

- applications in mechatronics and power electronics

o Great potential for decentralized control:

- applications in electricity networks
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