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Differentially Flat Systems

If the system is flat we can write all trajectories 
in terms of a finite set of variables,                      (known as 
the flat outputs):

Consider a general nonlinear system:

For simplicity, we assume that the flat output is given simply 
as a (nonlinear) combination of the states:

(This is not the most general case,                             , but it
represents many cases of practical interest.)
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Prescribe a ‘desired’ reference trajectory for the
flat output,           , and obtain the corresponding 
input and state trajectories: 

Goal:

Challenge:
Constraints:

• Parametrise             with splines 
(performance objectives).

• Evaluate constraints using MPC 
for trajectory tracking.

• Reshape             based on the 
“feedback from present and future 
constraints.”

Iterative Method:

Reference Trajectory Generation
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The method can be applied in
a receding horizon fashion:

Parameterisation of flat outputs using splines 
We consider the problem of steering the system from an initial 
state at time t0 to a final state at time tf. We parameterise the flat 
outputs

where                                                        is a set of basis functions.
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Discretise at a set of M+1 sampling times, t0, t1, …, tf 

where

is the basis function matrix (also known as blending matrix).
Collecting all the m flat outputs,
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The rows of the N x m matrix P are m-dimensional vectors called 
control points:

Similarly for the flat output derivatives:
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In this work we have used ‘Clamped B-splines,’ which results in G0 , G1 , 
… having a particular structure:

Columns of G0

Columns of G1

Columns of G2



10

From:

we can see that, e.g., prescribed position, first and second derivatives 
can be maintained fixed at t0 and tf (rest-to-rest) by hoding the external 
control points (three top and three bottom rows of P) fixed.

Given an initial reference trajectory and the corresponding control 
points Pref, the idea is to change the internal control points of Pref to 
shape the trajectory. We reparameterise the control points as:
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Using MPC to shape the reference trajectory
Given a specified reference trajectory for the flat outputs, parameterised 
by reference control points Pref, for j=1,…,m:

From flatness property, obtain input 
and state reference trajectories

Linearise around reference trajectory
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Formulate performance objective of deviation 
system as a regulation problem to the origin

Obtain the optimal input 
sequence subject to constraints

Compute the flat output 
trajectory obtained with MPC
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Step 1.

Iterative Algorithm

Step 2.

Iterative method for ref. trajectory generation

Step 3.
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Step 5.

Step 6.

Step 4.
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Simulation Example
Kinematics

The system’s state and input can be completely determined from 
the flat output and its derivatives up finite order:
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